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Abstract 

Using the Yukawa couplings of the minimal supersymmetric SU(5) 
model, the rates for ^ 67, fi ^ e conversion and r ^ /i7 are computed. 
For a selectron mass of 100 GeV, and without exploring the full parameter 
space, we find rates which are one order of magnitude beneath present 
experimental bounds. It is argued that these relatively large rates have a 
wide applicability, so that lepton flavor violating signals provide a more 
general test of supersymmetric unification than can be obtained from 
either proton decay or neutrino masses. 
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1. 

Grand unified theories [1] provide an elegant unification of the strong and 
electroweak forces, and, with the addition of supersymmetry, lead to a successful 
prediction of the weak mixing angle [2] at the 1% level of accuracy. While weak 
scale supersymmetry can be directly probed by the production of superparticles 
in high energy collisions, signals for grand unification are less direct. 

Experiments probe grand unified theories either by relating parameters of 
the standard model which are otherwise independent or by producing additional 
interactions which mediate processes which are forbidden, or highly suppressed, 
in the standard model. The weak mixing angle, and the mb/mr mass ratio are 
examples of the former, while proton decay is an example of the latter. In this 
letter we concentrate on the rare process signals of supersymmetric grand uni- 
fication. We claim that lepton flavor-violating processes provide the signatures 
which can be most reliably calculated and which are most generic to the idea of 
grand unification. Using the Yukawa couplings of the minimal supersymmetric 
SU{5) theory and a selectron mass of 100 GeV, we find rates for these processes 
which are one order of magnitude beneath present experimental bounds. 

In the standard model, baryon number (B) , the individual lepton numbers 
(Lg, L^, Lt) and the total lepton number (L = Le + Lf^ + Lt) are accidental sym- 
metries and therefore, apart from very small instanton effects, are conserved. On 
the other hand, grand unification removes any fundamental distinction between 
a quark and a lepton, so that at the unification scale, Mq, these symmetries are 
broken. We introduce three categories of signatures, and label them according 
to the symmetries they violate 

B: proton decay, etc. 
L: neutrino masses, etc. 
Lf. II ^ 67, etc. 

If the effective theory beneath Mq is the standard model, the phenomena 
of all three categories are suppressed by powers of I/Mq. This does not exclude 
the possibility of experimentally probing B and L violation, since the exper- 
imental sensitivity to proton decay and to neutrino masses is such that even 
effects power suppressed by I/Mq may be observable. However, for Lj violating 
processes, such as // — > 67, present experiments are many orders of magnitude 
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away from liaving sensitivity to effects suppressed by powers of I/Mq- Thus the 
conventional signatures for grand unification have been taken to be those which 
violate B or L, for example proton decay and neutrino masses. 

If the effective theory beneath Mq is supersymmetric, for example the min- 
imal supersymmetric standard model (MSSM), a similar line of reasoning leads 
to a very different conclusion. The most general gauge invariant low energy the- 
ory now contains renormalizable interactions which violate -B,L, and Li. Such 
interactions induce proton decay at an unacceptable rate, so the gauge symme- 
tries are augmented by a further symmetry, called R parity or matter parity, 
which forces all interactions to have an even number of quarks and leptons and 
their superpartners. Consequently, the renormalizable interactions beneath Mq 
conserve L and S, but violate Li. Thus in many supersymmetric theories phe- 
nomena which violate B or L are suppressed by powers of I/Mq, while processes 
which violate Lj are suppressed only by powers of 1/m, where m is the scale of 
supersymmetry breaking. Since m ~ 100 GeV while Mq ~ 10^^ GeV, the Li 
violation processes now become a competitive experimental probe. 

The operators which violate Li are slepton masses and trilinear scalar in- 
teractions, and have the general form: 

Val, = E+mlE + LmiL+ + {LieEH^ + h.c.) (1) 

where L and E are 3-vectors containing the SU{2) doublet and singlet sleptons, 
taken in a basis where the leptons are mass eigenstates. Hi is a Higgs doublet. 
The parameters m|;, m| and ie are 3x3 matrices. The size of the off diagonal 
entries of the matrices now becomes the crucial question. It is well known that 
these quantities must be restricted in size: off-diagonal entries in m|; ^ of order 
of the square of the average slepton mass are experimentally excluded. In the 
MSSM, based on supergravity with supersymmetry broken in a hidden sector 
[3], it is assumed that at the Planck scale a boundary condition on the theory 
forces m|;,m| to be proportional to the unit matrix, and ie = A"e where "e 
is the lepton Yukawa matrix. [| In this case the theory conserves Li exactly. 
However, if the theory becomes grand unified above Mg, it is not possible to 
have Li conservation. This is because flavor changing processes occur in the 

*We will assume such boundary conditions throughout this paper. 
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quark sector and grand unification connects the quark and lepton sectors thus 
introducing Li violation. Furthermore, the flavor violations of the grand unified 
interactions do not decouple at low energies, as first shown in reference 4, but 
manifest themselves via soft operators such as those shown in equation (1). 

How large are the Lj violating interactions m|; ^ and ie generated by super- 
symmetric unified theories? In this letter we compute precise formulae for the 
Li violating effects using the Yukawa couplings of the minimal supersymmetric 
SU{5) theory. We discuss the uncertainties in the calculation and explain why 
we believe our calculation represents a lower bound on what is to be expected 
from a generic supersymmetric grand unified theory. While it is possible to 
construct theories in which the Li violation is suppressed, a large suppression 
requires some special ad hoc arrangement, and is not the general expectation. 
In fact, it is very much easier to write down theories where the Li violating ef- 
fects are much larger than those of the minimal model. The uncertainties in our 
result are not large; not nearly as large or model dependent as those involved in 
calculating either the proton decay rate or neutrino masses. 

The reasons for this will be discussed later in some detail. However, one 
reason is that B and L violating processes depend on a power of 1/Mg, and the 
relevant value for Mq which should appear in the rate for these processes is not 
well known. On the other hand, the Li violating processes do not have any power 
dependence on I/Mq, and hence are much less sensitive to this mass scale. We 
believe that the rare processes from supersymmetric unification which can be 
calculated most reliably, and which are most generic, are Lj violating processes 
such as /i — > 67. 

The mechanism [4] which we use to compute the Li violating matrices of 
(1) gives a large result only because the top Yukawa coupling is large. In the 
minimal SU (5) theory the up and down quark masses are generated by T "uTH 
and F'dTH where T and F are three vectors of quarks and leptons and their 
superpartners in the 10 and 5 dimensional representations of SU{b), and H and 
H are 5 and 5 representations of Higgs multiplets. [| The only flavor violation of 

tThe decomposition ofT,F, if and fl^ are T D Q,U,E] FdD,L- H D H2H3;Hd ifi,i?3 
where Q,L are SU{2) doublet quarks and leptons, U,D,E are SU{2) singlet quarks and 
leptons, Hi and H2 are the two SU{2) Higgs doublets of the MSSM and their SU{b) partners 
are the color triplet fields and iJs. 
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the model comes from the 3x3 matrices V and "b- The matrix V has a large 
eigenvalue which is responsible for the top quark mass. The interaction T ^uTH 
contains not only couplings to the Higgs doublet H2 in H which are responsible 
for masses: U^uQH2, but also the couphngs to a Higgs triplet 

AW = U^uEH3. (2) 

This new interaction is a necessary consequence of unifying the quarks and 
leptons in SU{5) representations, and furthermore, the SU{5) symmetry requires 
that the matrix of couplings, ^u, is identical to those which appear in the mass 
coupling U"uQH2- Thus the theory possesses Lj violation via the large top 
Yukawa coupling. 

Previous considerations [4,5] of Li violating effects using the interaction (2) 
have claimed values too small to be of interest. In this letter wc find that the 
contribution from the top Yukawa coupling is in fact of great interest. 

2. 

The scalar mass parameters, m|^, and the scalar trilinear couplings, ie, 
depend on energy scale, as given by the renormalization group equations. In the 
MSSM these equations preserve Lj conservation. However, when the interaction 
of eq. (2) is added to the MSSM the renormalization group equations of the 
grand unified theory, valid from energy scales of the Planck scale, Mpi, down to 
Mq, generate Lj violating masses: 

Am%^ = -V^Vt^ I (3) 

where the integral I is 

^ - ^ / + 2m|3 + A',)d{lnt,). (4) 

This integral is evaluated from Mq to Mpi, rriH is the mass of the scalars in 
H, m^a is the mass of the scalars in T3 and the coefficient of the scalar trilinear 
interaction is AfXt- The Yukawa coupling \t is the large eigenvalue of the 

matrix and, both here and elsewhere, we drop smaller contributions from V 
and ^D- V is the Kobayashi-Maskawa matrix, renormahzed at Mq. The solution 
of the renormalization group equation for the slepton trilinear interaction can 
be written in a similar form if the scaling of V is ignored 

AO.., = V^V,^ n (5) 



4 



where 



/; = — I Axlx^AiniA (6) 



and Ag. is the i th eigenvalue of "e- 

To iUustrate how large the flavor changing slepton masses from the top 
Yukawa coupling can be, we study the renormalization group equations in the 
limit that the contributions to scalar masses from gaugino masses can be ne- 
glected. In this case we find 



I^mlil- e-') (7) 



where 
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where itit^ — mu — "rn, and the value of m at Mpi is mo- If At is small then 
J is small, so that the exponent of equation (7) can be expanded to give the 
one-loop result 

I^^^XUSml + \Aj')\n^ (9) 

oTT IVlQ 

where ttiq, Aj^, and Af^ are the values of m^, A^ and At at Mq- In the case of a 
small gaugino mass the physical masses of the right-handed sleptons are given 
by m| = rriQ and m| = m? = tUq. Thus the right-handed scalar tau is the 
lightest slepton, with 

2 9 

One of the generic features of many grand unified theories is the mh/rrir 
prediction [6] which is known to be acceptable, for non-extreme values of tan f3, 
only for large values of Xtc [7], greater than approximately 1.5. This allows 
us to derive a lower bound on J, and also on I. We assume A^ > 1.5 over the 
interval from Mq to Mpi. This gives J > 1.2 and / > 0.7mQ. Our choice of 
AtQ is the lowest allowed by the mb/rrir prediction, and in the minimal model At 
grows above Mq. Furthermore the bound is obtained by setting A to zero, and 
is clearly conservative. Nevertheless as J increases above this bound, I can only 
increase to its saturation value of mg, so that the predictions for flavor changing 
effects have a great insensitivity to the details of the scahng above Mq. For 
numerical estimates we will use / = ml, since this is our expectation for the 



!^=S = e- (10) 
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majority of models. The mb/m^ prediction is crucial to our belief that the Lj 
violating signatures are likely to be seen in the next generation of experiments. 
If XtG — 0.4, which is consistent with rrit — 174 GeV, the signals would probably 
be too small to be observed, but in this case the m;,/m^ prediction fails. 

Finally we note that Am| receives no large X^q correction in the minimal 
model. 

At the weak scale, the flavor violating interactions Ami and Aj^ can be 
inserted into one loop diagrams involving internal superpartners to yielding a 
Feynman amplitude for /j, —>■ ej* 

^'^ = (l^FiYPR + m^F^ia'^'q^PL) (11) 

where is the 4-momentum of 7*, the muon mass and Pl,r the chirality 
projection operators. After calculating the relevant 1-loop diagrams we find the 
form factors to be given, in the zero gaugino mass limit, by 

a{Mz) 1 Am|^^ 

and 

a{Mz) 1 Am|^ 
47rcos^6'H^ 6 

For the case of non-zero gaugino mass, we consider the example of the bino 
a mass eigenstate and degenerate with the selectron. We find that in equation 
(12) the factor of ^ is replaced by j^, while in equation (13) the factor of | ^f^^ 
is replaced by 

IJl^Aml^ 1 AC^^\ 

20 m? 12 nifi m^,j ^ ' 

where v\ is the vev of Hi, and renormalization effects from Mq to rrijx have not 
been included. 

For the decay // — > 67 the photon must be taken on shell so only F2 con- 
tributes 

For — s> e conversion the Feynman amplitude from Penguin-like diagrams 
is, in the zero gaugino mass limit 
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^(A* ^) Penguin ^ . ^ ^ 4 

47r cos^ fc^^y 

11 2 1 

■ ^ei-^YPR - -^i'7'''^%PL)uu, {-UulvUu - -^UdluUd)- (16a) 

The n ^ e conversion amplitude receives also a contribution from box 
diagrams, which is found to be, for a squark mass m| ^ m?, 

. e^a(Mz) Am|^^ _ 17_ 5_ 

^(yW e)Box = T7, 22 (=7rM«7i/«« + T^T^UdluUd) ■ (I60) 

47rcos^6'H^ rrifim- 72 72 

where only the vector piece of the quark current is kept. From the sum of both 
amplitudes one finds a — > e conversion rate in Ti|2 of 



^47rcos^^pt^ y m 



4 



1 ^ 39 + 27f 



18 72cos2^w'm? 



(17) 
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where Zg// = 17.6, Z = 22, iV = 26 and F{q) = .54[8]. 

Evaluating the rates (15) and (17), using (13) for F2 and Am%^^ from eqs. 
(3,7), gives our results in the limiting case of vanishing gaugino mass: 

BR(,^e,)^2A.l^-^^mM\^m£^\ (18) 

and for the — > e conversion rate, normalized to the capture rate [8], in Ti: 

R(p e;n) = 5.1 x 10"" f^^V fl25££i:y (19) 

' ^ Vo.o4o.oi; V / 

where we have taken = 2m^. We ignore the renormalization group scaling 
of V from Mq to rrijx, so in these results are the measured values of the 
Kobayashi-Maskawa mixing matrix. The formula for t fj,j follows directly 
from similar equations to those above 



BR{t - /^t) = ^ (^XBR{^^ e7), (20) 
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giving 

where the choice for the normahzation of the right-handed scalar tau mass is 
motivated by eq. (10). For the scalar masses we have chosen, — > 67 and — > e 
conversion in Ti are both a factor of 20 below the current experimental limits of 
4.9 X 10~-^^ [9] and 1 x 10"^^ [10] respectively, and t ^ /ij a factor of 10 below 
the current experimental limit of 4.2 x 10~^ [11]. 

We have clearly not made an exploration of the full parameter space, but we 
have rather concentrated on the simplifying case of a negligably small gaugino 
mass. Inclusion of gaugino mass effects will bring in other parameters of the 
low energy theory. We stress, however, that the majority of the uncertainties 
are ones which can eventually be removed by measuring parameters at the weak 
scale, and are not due to inherent limitations of the theory. For a top mass of 
174 GcV, the Yukawa coupling Aj^ must be greater than 0.4. If Xt^ were less 
than unity, the Lj violating rates would be smaller than given above, but in this 
case the mb/rrir prediction fails. 

If tan/3 is found to be large, of order mt/rrib, so that and Aj are compa- 
rable, there will be extra contributions to Am|; and Aie of order X^q to added 
to equations (4) and (6). These contributions would be comparable to the ones 
we have computed. However, in the minimal SU (5) theory Am| remains zero. 

3. 

The flavor interactions of the minimal SU{5) theory are known to be incor- 
rect as they yield the mass relation me/nif^ = md/mg. Hence, a crucial question 
is whether the predictions of eqs. (18), (19), and (21) survive in a general super- 
symmetric unified theory. Any theory which contains the interaction of eq. (2) 
will yield these predictions. We know that the low energy theory must contain 
a Yukawa interaction U "uQH2 to give mass to the up type quarks. The grand 
unified theory must have interactions which incorporate this Yukawa coupling. 
The grand unified symmetry will require that there are other particles in the 
representations which contain U,Q,H2 and hence it is quite unavoidable that 
the grand unified interactions which are responsible for U"uQH2 will lead to 
other interactions also. If Q and E are unified in the same representation, then 
an interaction involving UEH^ will necessarily occur. Hence the most basic 
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assumption is that quarks and leptons are unified in the same representation. 
Although it is possible to construct models in which Q and E lie in different 
representations of the grand unified theory, these models are artificial and com- 
pletely destroy the aesthetic appeal of quark-lepton unification. 

The next question is whether the structure of the grand unified theory could 
be such that the interactions which lead to UEH^ vertices somehow conserve 
generation number. This is possible. Consider, for example, an SU{b) model 
in which the H representation becomes a matrix of fields in generation space, 
so that the relevant couplings are Ti^uijHijTj. In this case the grand unified 
theory may have a symmetry which prevents any violation of flavor. However, 
at some scale, Mp, these flavor symmetries must be spontaneously broken so 
that a non-trivial Kobayashi-Maskawa matrix, V, results. If Mp > Mq our 
results survive, with Mpi in equation (4) and (6) replaced by Mp. However, 
if Mp < Mg, then flavor violating effects from the grand unified theory must 
be suppressed by powers of Mp/Mc- Q However, such a scheme would require 
several Higgs doublets at scale Mp giving a prediction for the weak mixing angle 
in gross violation with data. 

We conclude that in all grand unified theories, which have quarks and lep- 
tons unified in the same representations and a successful weak mixing angle pre- 
diction, our mechanism for Lj violation is necessarily present. To what extent 
do they yield the precise formulas of equations (3,4) and (5,6)? This depends 
on the form of the grand unified interactions. Over some of the interval between 
Mpi and M^, the interactions which violate flavor could be linear in quark and 
lepton fields, the usual bilinear operators only appearing after integrating out 
heavy states. In this case the Li violation is likely to be very much larger than in 
the minimal model, but is very model dependent and we do not consider it [12]. 
Over some of the interval between Mpi and Mq we assume that the interactions 
which violate flavor are bilinear in quark and lepton fields. In any such theory 
we can write the relevant pieces of the interaction in SU{b) form as 

where the Yukawa matrices are now functions of other fields S, which acquire 

■fin this case one expects m|;, m| and ie to be generated at scale Mp so that lepton flavor 
violating processes are expected, but are originated by physics at Mp. 
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vevs of order M^, giving fermion masses suppressed by factors of Mq/M. These 
operators have the virtue that, unhke those of minimal SU{b), they can lead 
to acceptable fermion masses. Specific examples of such theories have been 
constructed [12] but here we wish to study them in general. The crucial point 
is that the fields S, if non-trivial under SU{b), lead to relative Clebsch factors 
between the couplings of the doublet H2 and those of the triplet H^. Thus the 
matrix V in equation (2) must be replaced with "'^j where the relation between 
the ij entry of V and involves unknown Clebsch factors. In fact the 33 entries 
are still identical and equal to Xtc'- the top Yukawa coupling is so large that it 
must come from a renormalizable interaction and should not be suppressed by 
powers of Mq/M. Thus the contribution from interaction (2) can be written as 
in equations (3) and (4) with A^g unchanged, but with a mixing matrix V which 
is different from V. The relation between the V-j and Vij involves the unknown 
Clebsch factors. Similarly the interaction (2) leads to a rate for the processes 
/i — > 67, /i e conversion in Ti and t ^ fi'y given by equations (18), (19), and 
(21), with Vij V/j. This leads to an increased range of the predictions about 
the central values. | 
4. 

Although our predictions have several uncertainties, these are far fewer and 
less severe than those associated with the calculation of proton decay. Proton 
decay is mediated by the exchange of superheavy color triplets such as and 
H^. We list six types of uncertainty which enter the calculation of r(p Ku) 
in supersymmetric unified theories 

1) The mass scale of the color triplets. 

2) The structure of the mass matrix for the superheavy triplets. 

3) The mass matrix for the superheavy doublets. 

4) The QCD matrix element. 

^Interactions of the form (22) also imply that the matrices which couple L to Hi and 
H3 are no longer identical: L'eEHi + L^'^QH^. This allows a flavor changing Am| to be 
generated proportional to For moderate tan/3 these couplings are much less than Afc 

and can be neglected. However, for large tan/3 (k, mt/mi,), rnj^^,^ will become comparable to 

m|; . This allows the /i — > ej* process to occur via a 1-loop diagram involving a wino rather 

2 2 

than a bino, so that in the rates -^^rg is replaced by ^."4 g , enhancing the results by an order 
of magnitude. 
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5) The Clebsch factors arising from the couphngs of quarks and leptons to 
the Higgs triplets from operators such those in equation (22). 

6) Lack of knowledge of weak scale parameters, such as Vij, tan (3, m, A, etc. 

Of these six uncertainties, we believe the first three to be extremely prob- 
lematic. While they can be largely overcome in the minimal SU{5) theory, they 
completely destroy the ability to make a prediction when certain very minor 
additions to the theory are made, or in the case of a generic unified theory. 
Furthermore these three uncertainties are intimately connected to the puzzle 
as to why the triplets {Hs, H3...) are much heavier than the two hght doublets 
{Hi, H2) . In the minimal SU (5) theory this is accomplished by a fine tune which 
greatly reduces the believabihty of the theory. In extensions which solve this 
puzzle the first three uncertainties generically destroy the predictability of the 
proton decay rate [13]. In the minimal SU{5) theory the central value of the 
prediction for the proton decay rate is already clearly excluded, it is therefore 
probably that some suppression mechanism must be operative. In this case it is 
hard to argue how much suppression is to be expected. Certainly it is straight- 
forward to construct unified theories with proton decay unobservably small [14] . 
Similarly, there are many SU{5) and SO{10) models where the hght neutrinos 
are exactly massless. 

For the Lj violating mechanism discussed here the first four uncertainties 
listed above are absent. We have discussed the remaining two uncertainties at 
length. If supersymmetry is discovered then the sixth uncertainty will eventually 
be controlled, leaving only the unknown Clebsch factors. This is the only real 
uncertainty which is inherent to the generic grand unified theory. However, the 
flavor operators of equation (22) generate both the quark and Icpton masses and 
mixings and the Lj signals discussed here. One might hope that eventually there 
will be enough experimental data to determine a preferred set of operators. 

Based on these considerations, we conclude that the lepton flavor violating 
signals studied in this paper provide a very significant test of supersymmctric 
unification. Such a test must be considered more general than can be obtained 
from either proton decay or neutrino masses. At this point we would very 
much like to know the ultimate experimental sensitivities that can be reached 
in the processes that we have suggested. The present literature on the subject 
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is already encouraging [15]. 
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